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Abstract 

We show an asymptotic formula of the divergent bilateral basic 
hypergeometric series iipo{a; —; q, ■) with using the g-Borel-Laplace 
method. We also give the limit g — >• 1 — of our asymptotic formula. 

1 Introduction 

In this paper, we show an asymptotic formula of the divergent bilateral basic 
hypergeometric series 



Here, (a; g)„ is the g-shifted factorial; 

[l, n = 0, 

(a; g)„ - Ul - - ag) ... (1 - ag"-i), n > 1, 

[ [(1 - aq-^){l - aq^^) ... (1 - ag")]"\ n < -1 

moreover, (a; g)oo := hm„_>.oo(a; q)n and 

(ai, a2, . . . , am] q)oo ■= [ai] q)oo{a2; g)oo • • • {am] q)oo- 

The g-shifted factorial (a; g)„ is a g-analogue of the shifted factorial 

{a)n = a{a + 1} ■ ■ ■ {a + {n - 1)}. 
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The series iipoi^i', ~', ") is related to the bilateral basic hypergeometric series 
iipi{a; b; q, ■). At first, we review the series 

This series has Ramanujan's summation formula [3] 

1^1 a; b] q, z) = — — ^ — , \b/a\ < \z\ < 1, (1) 

{b,q/a,z,b/az;q)oo 

which was first given by Ramanujan [4j|. This formula is considered as a 
extension of the g-binomial theorem [31 1] ; 



(Q;'?)« ^n _ {az;q)oo \z\ < 1 



n>0 



We also regard the summation ([T]) as a g-analogue of the bilateral binomial 
theorem [6] discovered by M. E. Horn. If a and (3 are complex numbers 
3f?(/3 — a) > 1 and z is a complex number with \z\ = 1, then 

^(/9)n i-zy-' n/3-a) ■ 

We remark that the limit g — )■ 1 — of ([T]) with suitable condition gives the 
bilateral binomial theorem ([2]). 

The series iipi{a; b; q, z) satisfies the following g-difference equation 

b \ 

az u{qz) + {z — l)u{z) = 0. 



In this paper, we study the degeneration of this equation as follows; 

1 



— ax uiqx) + xuix) = 0. 

This equation has a formal solution 

= i^o(a; -;g,x). (3) 
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But u{x) is a divergent around the origin [5] and its properties are not clear. 
In section three, we show an asymptotic formula of the series with using 
the g-Borel-Laplace transformations. The g-Borel-Laplace transformations 
are introduced in the study of connection problems on linear g-difference 
equations between the origin and the infinity. 

Connection problems on g-difference equations with regular singular points 
are studied by G. D. Birkhoff |2]. The first example of the connection formula 
is given by G. N. Watson [13] in 1910 as follows; 

{b,c/a;q)oo{ax,q/ax;q)^ 

2V2i(a, b; c; q,x) = — 2^1 [a, aq/c; aq/b; q, cq/abx) 

(c, b/a;q)oo{x,q/x; q)oo 

{a,c/b;q)oo{bx,q/bx;q)oc / .^ 

2(pi (0, bq/c; bq/a; g, cq/abx) . (4) 



(c, a/b; q)^{x,q/x; q) 
The function 2V^i(a, 6; c; g, x) is the basic hypergeometric series 

2V?i(a, 6; c; g, x) = 2^ — —x 



n>0 



(c; g)„(g; q)n 



which is introduced by E. Heine [5]. This series satisfies the second order 
linear g-difference equation 

(c — abqx)u{(f'x) — {c + g — (a + b)qx} u{qx) + g(l — x)u{x) = 0. (5) 

around the origin. On the other hand, the equation ([5]) has a fundamental 
system of solutions 

, , 9(—ax) f aq aq cq \ , , 6(—bx) ( bq bq cq 

''^^^ = W^'''' ~' ^' ^) ' ''^'^ = W^'"'' 7' 7' ^' ^ 

around the infinity [1^. Here, 6{-) is the theta function of Jacobi (see sec- 
tion two). In the connection formula (j4]), we remark that the connection 
coefficients are given by g-elliptic functions. 

Other connection formulae, especially connection formulae of irregular 
singular type g-special functions has not known for a long time. Recently, 
C. Zhang gives some connection formulae by two different types of g-Borel 
transformations and g-Laplace transformations |H1 [151 US], which are in- 
troduced by J. Sauloy[TT]. We assume that f{x) is a formal power series 
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Definition 1. For any power series f{x), the q-Borel transformation of the 
first kind is 



n>0 



For an entire function ip, the q-Laplace transformation of the first kind C 
is 



■q,X 




Similarly, the q-Borel transformation of the second kind is 



/ \ X ^ rifn — 1) 



n>0 



and the q-Laplace transformation of the second kind is 



We remark that each g-Borel transformation is a formal inverse of each 
g-Laplace transformation; 



We can find applications of the g-Borel-Laplace method of the first kind 
in [m [T5l [To] . This summation method is powerful to deal with divergent 
type basic hypergeometric series and to study the g-Stokes phenomenon. Ap- 
plications of the method of the second kind can be found in [ini El El [10] • But 
other examples, for example, applications to bilateral basic hypergeometric 
series, has not known. 

In this paper, we study an asymptotic formula of the divergent bilat- 
eral basic hypergeometric series iipo{a\ — ; g, ■) from viewpoint of connection 
problems on linear g-difference equations. We show the following theorem. 
Theorem. For any x G C* \ [—A; q] , we have 



C^oB^f = f. 



iV'o(«;-;A;g,x) 



('?;9)oo 6{aq\)0 {ax/X) 1 



(g/«;g)oo e{x/X) {i/ax-q) 



oo 



where 1 < \ax\. 
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Here, the function iipQ{a; X;q,x) is the g-Borel-Laplace transform of 
the series iipo{a; —-jqjx) and the set [— A; g] is the g-spiral which is given 
by [A; g] := {Ag'^ : k G Z}. We also show the hmit g — )■ 1 — of our 
asymptotic formula in section four. If we take a suitable limit g — ?■ 1 — of 
the theorem above, we formally obtain the asymptotic formula of the bilateral 
hypergeometric series iHq. 



2 Basic notations 

In this section, we fix our notations. We assume that < |g| < 1 and ag is the 
g-difference operator such that (Tqf{x) = f{qx). The basic hypergeometric 
series is 

rfsiai, . . . ,ar;bi, . . . ,br;q,x) 

^ (6i,...,6,;g)„(g;g)„ I J 
The radius of convergence p of the basic hypergeometric series is given by [7] 

oo, if r < s + 1, 
p= {l, if r = s + 1, 
0, if r > s + 1. 

The bilateral basic hypergeometric series is 

rips{ai, ■ ■ ■ ,ar;bi, ■ ■ ■ ,bs;q,x) 

If s < r, the series (JTj) diverges for x 7^ and if r = s, the series (JTj) converges 
\bi . . . bg/ai . . .ttrl < \x\ < 1 (see |3] for more detail). The series (E]) is a g- 
analogue of the generalized hypergeometric function 

rFs{ai, . . . , a^; . . . , x) := 2^ — — — -x 

n>o KPi^- ■ -^Psjun. 

and the series ([7]) is a g-analogue of the bilateral hypergeometric function 
rHs{ai, ...,ar;(3i,..., /3s; x) := ^ 



{ai,...,ar)n n 
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By D'Alembert's ratio test, it can be checked that j-Hr converges only for 
|x| = 1 [12], provided that 3?(/3i + ■ ■ ■ + f3r — ai — ■ ■ ■ — Qr) > 1- 
The g-exponential function eq{x) is 

eg{x) := iy?o(0; -; q,x) = 22 7 T 

The function eq{x) has the infinite product representation as follows; 

1 

yXj Qjoo 

The limit g — ?■ 1 — of eq{x) is the exponential function [3]; 

lim e„(x(l - q)) = e^. (8) 



The g-gamma function rq(x) is 

^,(x):=/^(l-#-^ 0<g<l. 



The limit g — i- 1 — of Tq{x) gives the gamma gunction [3]; 

lim r„(x) = r(x). (9) 

The theta function of Jacobi is given by 

Jacobi's triple product identity is 

9{x) = (g, -x,-q/x; g)oo 
and the theta function satisfies the following g-difference equation 

eiq'^x) = x-^q-'^e{x), \/k G Z. 
The inversion formula is 

e{x) = xe{i/x). (10) 

We remark that 9{\q^ /x) = if and only if a; G [—A; g]. In our study, the 
following proposition [15] is useful to consider the limit g — )■ 1 — of our 
formula. 
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Proposition 1. For any x G C*(— vr < argx < vr), we have 



lim :SL^ = :,0-» (11) 



and 



lipi^ 9^,fU ^-^r''={\\ ■ (12) 

We also use the limit [3] as follows; 

lim i^^!i^ = (l-x)-", |x|<l. (13) 

3 An asymptotic formula of the divergent se- 
ries \i)^(a\ -\q,x) 

In this section, we show an asymptotic formula of the divergent series \i\)Q(a] — ; g, x). 
At first, we review Ramanujan's sum for \'^\[a] b; q, z) and its property. Ra- 
manujan gives the following sum [4] 

{q,b/a,az,q/az;q)^ n,,,,, .... 

iiJi{a;b;q,z) = — — ^ — , ba<z<l. 14 

{b,q/a,z,b/az;q)oo 

We can regard this sum as a g-analogue of the bilateral binomial theorem [6] 
as follows; 

Theorem. (Horn JEj/) If z is a complex number such that \z\ = 1, we have 

Hfr. n r(/3)r(i-^) ji-zr—' 

provided that 3ft(/9 — a) > 1. 

Let 2; is a complex number such that —it < aigz < vr. The summation 
([T^ is rewritten by 

{q,b/a,az,q/az; g)oo _ {q,b/a;q)oo 9{-az) {aqz/b;q)oo . 
{b,q/a,z,b/az;q)oo {b, q/a; q)oo 0{-aqz/b) {z;q)oo 



q^i-o I qPx \ \x 
9 
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In ( 1TB]) . we put a = q" and h = q^ (with 3fJ(/3 — a) > 1), we obtain 
.... „ . ^ r,(/3)r,(l - c) g(g-(-.)) (g"+^-^.;g)^ 



where < l^;] < 1. Combining ([9]), ( jTTj) and ( 1131) . we can check out 

that the limit g — > 1 — of ( 1T71) gives the bilateral binomial theorem (lT5l) . 
provided that — tt < arg2; < vr. 

The bilateral basic hypergeometric series iipi (a; 6; g, z) satisfies the q- 
diff'erence equation 

^ a;z ) u{qz) + {z - l)u{z) = 0. (18) 



.1 

We consider the degeneration of the equation ([T8|) in the next section. 
3.1 Local solutions of the degenerated equation 



In the equation (1181) . we put z = bx and take the limit 6 — )■ cxd, we obtain 
the equation 

ax J (Tq + X I ^(x) = 0. (19) 



.9 

The formal solution of (lT9l) is 



«(a;) = i^o(a; -;g,a;), (20) 

which is divergent around the origin. We consider "the basic hypergeometric 
type" solution around the infinity. We assume that the solution around the 
infinity is given by 



9{ax) 9{ax) 



Uoo[X := ^, , VooiX 



e{x) ' e{x) 



"^VnX Vo = 1. 



n>0 



By the g-difference equation of the theta function, we obtain the equation 

— — X ) aq + x \ Voo(x) = 0. 
aq J J 

We remark that the function 6{ax)/6{x) satisfies the following g-difference 
equation 

u{qx) = q~'^u{x) 
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which is also satisfied by the function u{x) = x " with log^a = a. We can 
check out that the series Voo{x) is 

°° ^ \ax J (l/ax; q) 

Therefore, one of the solution of ( fT9l) around the infinity is 




In the following section, we study the relation between these solutions ( 120|1 
and ( pTl) with using the g-Borel-Laplace method of the first kind. 

Remark 1. We remark that "the bilateral basic hypergeometric type solution" 
of ( fT9l) around the infinity is given by 




But this solution is not suitable for our argument. We choose and deal with 
the solution f l2T]) . 



1 

ax 



< 1. 



3.2 An asymptotic formula 

In this section, we show an asymptotic formula of (l20l) with using the g-Borel- 
Laplace transformations of the first kind. We show the following theorem. 

Theorem 1. For any x E C* \ [—A; q], we have 

(?;?)oo 0{aq\) 9 {ax / X) 1 



V'o(a;-;A;g,x) 



(g/a;g)^ e{q\) e{x/X) {l/ax;q)J 
where 1 < \ax\. 

Proof. We apply the g-Borel transformation B'^ to the series iipo{a; — ; q,x). 
Then, 

By Ramanujan's sum (fT4|) . we obtain the infinite product representation of 
as follows; 

= ^-^777 -?/^;? oo- 

[qla]q)oo 
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We apply the g-Laplace transformation C'^^ to ^(0- 



(g;g)oo 1 6'(aA) 



(g/a;g)oo^(A/x) ^(A) 
We remark that 

9{X/ax 



g/A;g)ooi^i(-A;0;g,l/aa;). (22) 



i^i(-A; 0; g, 1/aa;) 



oo 

Combining (122|) and (fTOj) . we obtain the conclusion. □ 
Theorem [1] is rewritten by 

^ "'^ ^ ^ ^ ^ " (g/a; g)oo ^(gA) ^(x/A) ^^(aa;)''°^^'^^- 
We define the function C{x; q) as follows; 

(g; g)oo 9{aqX) 9{ax/ X) 9{x) 



C{x-q) :-- 



{q/0'\q)oo 9{qX) 9{x/X) 9{ax)' 
Then, C {x; q) is single valued function of x. 

Corollary 1. The function C{x]q) is the q-elliptic function, i.e., C{x;q) 
satisfies 

C{qx- q) = C{x; g), ^(e^-x; g) = C(a;; g). 



4 The limit q ^ 1 — oi the asymptotic for- 
mula 

In this section, we give the limit g — ?■ 1 — of our asymptotic formula. 
We assume that x G C* \ [— A; g] (— vr < argx < tt). We put a = g" and 
X I— 7- x/(l — g) in theorem 1 to consider the limit. We remark that the limit 
of the left-hand side in theorem 1 formally gives the bilateral hypergeometric 
series iHola; — ; — x). We show the following theorem. 
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Theorem 2. For any x G C* \ [—A; q] (—n < argx < ty), we have 

^^^^^ (T^^J 1 ^ r(i-a) ^i 

V(l-g)Ay' ^ " ' 

where 1 < 

We give the proof of theorem [2j 
Proof. The right-hand side of theorem 1 is rewritten by 

(q;q)o. %"+'A)»((]Srtf) i 



^(gA) ^f^sV V g"a; 

(l-g) A 



Combining ([9]), (UTj) . ( 1121) and (18]), we obtain the conclusion. □ 
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